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Abstract
We generalize the low-energy theorems of gluodynamics to finite temperature.
Examples of the theorems in the low and high temperature limits are given.
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The pure glue sector of quantum chromodynamics possesses scale and conformal invari-
ance at the classical level. Although this is destroyed by quantum effects which introduce
a scale, its residual effect does allow low-energy theorems to be derived [1]. These are
important constraints on an effective theory. In particular, they require a unique form for
the effective Lagrangian of a scalar glueball field [2]. The purpose of the present note is to
investigate how these relations are modified at finite temperature, T > 0.
In the imaginary time approach the partition function of gluodynamics is [3]
Z =
∫
[dA¯µa ] exp

− 1
4g20
1/T∫
0
dτ
∫
d3x F¯ µνa F¯
a
µν

 . (1)
Here the gluon fields and field strength tensors have been scaled by the bare coupling
constant g0: A¯
µ
a = g0A
µ
a and F¯
a
µν = g0F
a
µν . For brevity we suppress the gauge fixing and
Faddeev-Popov ghost terms. Defining the grand potential in the usual way, Ω = −T lnZ,
one has
∂
∂ (−8pi2/bg20)
Ω
V
= − bg
2
0
32pi2
〈F µνa (0, 0)F aµν(0, 0)〉 , (2)
where V is the volume of the system and b = 11N/3 in pure gluodynamics with the SU(N)
gauge group. The angle brackets signify a thermal average and we use the fact that it is
independant of position and imaginary time.
In making a dimensional analysis of the intensive quantity Ω/V we must acknowledge
the existence of the dimensional parameter which is generated by quantum effects. At
one-loop order it is
Λ =M0 exp
(
−8pi
2
bg20
)
, (3)
where M0 is the mass of the ultraviolet regulator. At finite temperature we have an ad-
ditional dimensionful parameter, namely, the temperature T . It follows that the grand
potential per unit volume must take the form
Ω
V
= Λ4f(Λ/T ) , (4)
where f is an unknown function. It is sufficient to note that at zero temperature a form
∝ Λ4 can be formally justified within a well-defined regularization scheme [1]. From (4)
one obtains
∂
∂ (−8pi2/bg20)
Ω
V
=
(
4− T ∂
∂T
)
Ω
V
. (5)
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Using Eqs. (2) and (5) we have(
4− T ∂
∂T
)
Ω
V
=
βs(αs)
4αs
〈F µνa (0, 0)F aµν(0, 0)〉 = 〈θµµ(0, 0)〉 = E − 3P . (6)
Here we have used standard thermodynamics to invoke the relationship among the ensemble
average of the trace of the energy-momentum tensor density θµµ, the energy density E , and
the pressure P . While we have only discussed the first term of the Gell-Mann-Low function
βs(αs), there is no difficulty in including the additional terms present in the complete βs-
function.
Differentiating Eq. (2) n times and using (5) we derive the low-energy relations
(−1)n
(
4− T ∂
∂T
)n+1
Ω
V
=
(
T
∂
∂T
− 4
)n
〈θµµ〉 =∫
dτnd
3xn · · ·
∫
dτ1d
3x1
〈
θµµ(τn,xn) · · · θµµ(τ1,x1)θµµ(0, 0)
〉
c
. (7)
Here the subscript c indicates that only connected diagrams are to be included. The limits
of the imaginary time integration, 0 and 1/T , are suppressed here and henceforth. A similar
analysis for an operator O of dimension [mass]d gives(
T
∂
∂T
− d
)n
〈O〉 =
∫
dτnd
3xn · · ·
∫
dτ1d
3x1
〈
θµµ(τn,xn) · · · θµµ(τ1,x1)O(0, 0)
〉
c
. (8)
As in [1] we assume that the operator here is constructed from the gluon fields such that
additional scales are not introduced and that at zero temperature 〈O〉 vanishes in pertur-
bation theory so that the cut-off M0 only appears in the combination (3).
We can also generalize the finite momentum low-energy theorems of Migdal and Shifman
[2]. In imaginary time we define
Π2(ωm,p) =
∫
dτ1d
3x1e
−i(ωmτ1+p·x1) 〈O(τ1,x1)O(0, 0)〉c
Πn(ωm,p) =
∫
dτn−1d
3xn−1 · · ·
∫
dτ1d
3x1e
−i(ωmτ1+p·x1)
〈
θµµ(τn−1,xn−1) · · · θµµ(τ2,x2)O(τ1,x1)O(0, 0)
〉
c
, (9)
where ωm denotes the Matsubara frequency and n > 2. Clearly
∂nΠ2
∂ (8pi2/bg20)
n = Π2+n . (10)
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In general Π2 will depend on ωm and p =
√
p2 as well as Λ and T , so on dimensional
grounds we must have the functional form
Π2 = Λ
2d−4g(T/Λ, p/Λ, ωm/Λ) , (11)
where g is an unknown function. Now the Matsubara frequency is a discrete variable and
so it is simplest to discuss the case ωm = 0 (static correlation functions). Then one deduces
that (
p
∂
∂p
+ T
∂
∂T
+ 4− 2d
)n
Π2 = Π2+n , (12)
using (10) and remembering to evaluate Π2 and Π2+n at ωm = 0.
It is known that pure SU(N) gauge theory has a second order phase transition for N=2
and a first order transition for N=3 [4]. Therefore it is interesting to study these low-energy
theorems at low temperatures, where glueballs are the relevant degrees of freedom, and at
high temperatures, where the system is an interacting plasma of quasi-free gluons.
At low temperatures we wish to satisfy Eq. (7) with a scalar glueball field φ. We write
the effective Lagrangian
L = 1
2
∂µφ∂
µφ− B0H
(
φ
φ0
)
, (13)
where B0 and φ0 are constants of mass dimension 4 and 1, respectively, and H is an
unknown function. The trace of the energy-momentum tensor is
θµµ =
(
4− φ ∂
∂φ
)
B0H
(
φ
φ0
)
= DB0H
(
φ
φ0
)
, (14)
where D = φ0∂/∂φ0 + 4B0∂/∂B0, and the partition function takes the standard form
Z =
∫
[dφ] exp (
∫
dτd3xL). In order to obtain the structure of Eq. (7), namely
(−1)nDn+1Ω
V
=
∫
dτnd
3xn · · ·
∫
dτ1d
3x1
〈
θµµ(τn,xn) · · · θµµ(τ1,x1)θµµ(0, 0)
〉
c
, (15)
it is necessary that Dθµµ = D
2B0H(φ/φ0) = 0. This differential equation is easily solved,
yielding H(z) = z4 or z4 ln z. Thus one obtains the usual potential which breaks scale
invariance,
B0H
(
φ
φ0
)
= B0
(
φ
φ0
)4 [
ln
φ
φ0
− 1
4
]
, (16)
with φ0 denoting the T = 0 vacuum field. On dimensional grounds
Ω
V
= B0 F
(
φ0/T,B
1
4
0 /T
)
, (17)
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where F is an unknown function. Then it is straightforward to show that
Dn+1
Ω
V
=
(
4− T ∂
∂T
)n+1
Ω
V
, (18)
which, together with Eq. (15), indicates that Eq. (7) is satisfied at finite temperature with
the standard form of the glueball potential.
It is instructive to verify Eq. (7) (for n = 0) with the phenomenological glueball
Lagrangian. Writing the field φ = φ0 + δφ, and expanding out the fluctuations δφ, the
glueball mass is given by m2G = 4B0/φ
2
0 and the thermal part of the unperturbed grand
potential is (
Ω
V
)
T
= T
∫
d3p
(2pi)3
ln
(
1− e−ω/T
)
, (19)
and (
4− T ∂
∂T
)(
Ω
V
)
T
= m2GD(0, 0) , (20)
where ω2 = p2 +m2G. We have defined the propagator [3]
D(τ,x) = T ∑
m
∫
d3p
(2pi)3
1
ω2m + p
2 +m2G
ei(ωmτ+p·x) , (21)
so that
D(0, 0) =
∫ d3p
(2pi)3
1
ω(eω/T − 1) ,∫
dτd3xD(τ,x) = m−2G ,∫
dτd3xD(τ,x)2 = −∂D(0, 0)
∂m2G
. (22)
Now θµµ = −B0 (1 + δφ/φ0)4, and the diagrams that can contribute to 〈θµµ(0, 0)〉 are shown
in Fig. 1(a). They give
〈θµµ(0, 0)〉 =
(
5
2
− 3
2
)
m2GD(0, 0) , (23)
in agreement with Eq. (20). We can also examine the contribution of Fig. 1(b) to the
thermal part of the grand potential:
(
Ω
V
)
T
= −25m
2
G
8φ20
D(0, 0)2 , (24)
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and (
4− T ∂
∂T
)(
Ω
V
)
T
= −25m
2
G
4φ20
D(0, 0)
[
2D(0, 0)− T ∂D(0, 0)
∂T
]
. (25)
The corresponding diagrams for 〈θµµ〉 are shown in Fig. 1(c). The first of these arises from
a single δφ and three three-point vertices from L. Its contribution is
125m8G
8φ20
D(0, 0)2
∫
dτ1d
3x1dτ2d
3x2dτ3d
3x3
×D(τ1,x1)D(τ1 − τ2,x1 − x2)D(τ1 − τ3,x1 − x3) = 125m
2
G
8φ20
D(0, 0)2 . (26)
Proceeding in similar fashion, the remaining contributions to 〈θµµ〉 are found to be
m2G
8φ20
[
−250D(0, 0)m2G
∂D(0, 0)
∂m2G
− 110D(0, 0)2 − 75D(0, 0)2
+150D(0, 0)m2G
∂D(0, 0)
∂m2G
+ 60D(0, 0)2
]
. (27)
Using the relation
2m2G
∂D(0, 0)
∂m2G
= 2D(0, 0)− T ∂D(0, 0)
∂T
, (28)
it is straightforward to verify that the sum of Eqs. (26) and (27) correctly gives Eq. (25).
Finally, consider very high temperatures where perturbation theory is valid for most
quantities of interest. To two-loop order the pressure is [3]
P =
pi2
45
(N2 − 1)T 4
[
1− 5N
4pi
αs
]
. (29)
The strong coupling constant as a function of temperature is
αs(T ) =
2pi
b ln(cT/Λ)
, (30)
where the numerical value of c is irrelevant for our purposes. From this we compute
〈θµµ〉 = E − 3P = T 5
d
dT
(
P
T 4
)
, (31)
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and (
T
d
dT
− 4
)n
〈θµµ〉 =
b
72
(−b
2pi
)n
(n + 1)!N(N2 − 1)αn+2s T 4 . (32)
This gives us the value that should be obtained for the correlation functions on the right
hand side of Eq. (7) in model calculations or in lattice gauge theory. Note that Eq. (32)
is proportional to the (n+1)’st power of the quantity b which occurs in the scale-breaking
beta-function. Without the quantum scale factor Λ the ensemble average of the trace of
the energy-momentum tensor would vanish.
In conclusion we have shown that at finite temperature the low-energy theorems (7),
(8) and (12) hold provided that the operator T∂/∂T is appropriately included. The well-
known zero-temperature glueball potential is unchanged and can be used to study pure
SU(N) gauge theory at low temperatures. We also illustrated the theorems in the high
temperature gluonic plasma phase. These theorems can be applied straightforwardly to
numerical simulations of lattice gauge theory. Extensions to QCD at finite baryon density
are under investigation.
This work was supported in part by the US Department of Energy under grant number
DE-FG02-87ER40328.
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Figure 1: Diagrams for evaluating the identity Eq. (7), for n = 0, using an effective glueball
Lagrangian at low temperature. The solid dot represents the point τ = 0, x = 0.
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